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Distinguishing a maximally entangled basis using LOCC and shared entanglement

Somshubhro Bandyopadhyay* Vincent Russo†

Abstract

We consider the problem of distinguishing between the elements of a bipartite maximally entangled
orthonormal basis using LOCC (local operations and classical communication) and a partially entangled
state acting as a resource. We derive an exact formula for the optimum success probability and find that
it corresponds to the fully entangled fraction of the resource state. The derivation consists of two steps:
First, we consider a relaxation of the problem by replacing LOCC with positive-partial-transpose (PPT)
measurements and establish an upper bound on the success probability as the solution of a semidefinite
program, and then show that this upper bound is achieved by a teleportation-based LOCC protocol. This
further implies that separable and PPT measurements provide no advantage over LOCC for this task.

1 Introduction

Distinguishing between quantum states is a fundamental problem in quantum theory, where the aim is
to ascertain the state of a quantum system promised to be in one of a known set of states (see [1, 2, 3, 4]
for excellent reviews). The problem may be understood as follows. Let Sψ = {(pi, |ψi〉) : i = 1, . . . , n} be
a set of quantum states, each state occurring with probability pi such that ∑

n
i=1 pi = 1. Now consider a

quantum system prepared in a state chosen from Sψ, but we do not know which one. The objective is to
determine which state the system is in by performing a suitable measurement. By measurement we mean
a positive operator valued measure (POVM) described by a collection of positive operators satisfying the
completeness relation. Now, according to quantum theory, the given states can be perfectly distinguished
if and only if they are mutually orthogonal, and when they are not, the best one can do is to perform
a measurement which is optimal according to some well-defined distinguishability measure. One such
measure is the success probability, the maximum probability that the unknown state is identified correctly
and is defined as

p
(

Sψ

)

= sup
M

n

∑
i=1

pi 〈ψi| Mi |ψi〉 , (1)

where M = {M1, . . . , Mn} is a measurement and the supremum is taken over all measurements. Comput-
ing the success probability in general is hard, and exact results have been found only for specific instances
of the problem (see [1, 2, 4] for comprehensive discussions).

Local distinguishability

This problem has also been studied within the “distant lab” paradigm in quantum information theory
[7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 30, 32, 33, 34]. For simplicity, we
confine our discussion to bipartite quantum systems of finite dimension Cd ⊗ Cd, where d > 2. The given
state now belongs to a known set of bipartite states Sφ = {(pi, |φi〉) : i = 1, . . . , n} and is shared between
two distant observers, Alice and Bob. The goal is the same as before, but the measurements are restricted
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to local operations and classical communication (LOCC) [35], wherein Alice and Bob perform measurements
on their respective local systems and communicate via classical channels but cannot exchange quantum
information. The primary question of interest is how well LOCC can distinguish the given states relative
to global measurement (measurement performed on the whole system). For example, if the states |φi〉 are
orthogonal, one would be interested in knowing whether they can be perfectly distinguished by LOCC, as
is always possible by a global measurement. One motivation for studying this problem is to find out how
much global information encoded in orthogonal states of composite systems is accessible by local means.
Another motivation is to explore nonlocal properties that may manifest in this setup.

It turns out that in some instances of the problem, LOCC is optimal, and in some, it is not. For ex-
ample, two orthogonal pure states can be perfectly distinguished by LOCC1 irrespective of the number of
parties, dimensions, or entanglement [8]. However, this does not always hold for sets of three or more
orthogonal states. Notable examples of sets whose members are not perfectly distinguishable by LOCC
include the Bell basis [10], orthogonal bases containing entangled states [12], unextendible product bases
[7, 13], orthogonal product bases exhibiting nonlocality without entanglement [6, 20, 22, 32] and strong
nonlocality without entanglement [33]. Orthogonal states, which are perfectly distinguishable by LOCC,
are called locally distinguishable. Otherwise, they are locally indistinguishable. Locally indistinguishable
states, product or otherwise, are said to be nonlocal in the sense a global measurement can extract more
information about the unknown state than coordinated local measurements alone. These states have also
found novel applications in quantum cryptography primitives, such as secret sharing [41] and data hiding
[37, 38, 39, 40].

Local (LOCC) distinguishability can be similarly quantified by (local) success probability. Following (1),
it is defined as (also, see [36])

p
L

(

Sφ

)

= sup
π∈LOCC

n

∑
i=1

pi 〈φi| πi |φi〉 , (2)

where π = {π1, . . . , πn} is an LOCC measurement. Computing the local optimum is notoriously hard even
for orthogonal states, for the LOCC class does not admit tractable characterization. Nevertheless, a few
results have been found – for the members of the Bell basis, given with probabilities p1 > p2 > p3 > p4 > 0,
the success probability is p1 + p2 [30, 36] and for any three uniformly distributed Bell states, it is 2/3 [31];
in dimensions Cd ⊗ Cd for d > 3, it has been shown that a set of n maximally entangled states can be
locally distinguished with success probability at most d/n [17], from which it follows that no more than
d maximally entangled states can be perfectly distinguished by LOCC; however, in some state spaces for
d > 4, one can find even smaller locally indistinguishable sets for which n 6 d [27, 28, 29].

Local distinguishability with shared entanglement

By definition, LOCC is a strict subset of all quantum operations that one may perform on a composite
system; for example, LOCC can neither create entanglement nor increase entanglement on average. The
limitations of LOCC, however, can be overcome with shared entanglement, which is why entanglement is
considered a resource for quantum information processing tasks. Naturally, one would like to know how
entanglement can help distinguish locally indistinguishable states by LOCC [31, 43, 44, 45, 46, 47, 49, 50].

One of the first questions addressed in this context deals with entanglement cost, which quantifies how
much entanglement must be consumed to perfectly distinguish locally indistinguishable states by LOCC
[31, 43, 44, 45, 47, 50]. It has been shown that, for example, a C2 ⊗ C2 maximally entangled state is neces-
sary and sufficient to perfectly distinguish the members of the Bell basis by LOCC [31]. The LOCC protocol
here mimics quantum teleportation [48] and is known as the “teleportation protocol”, where one-half of
the unknown state is first teleported using the resource state, followed by a Bell measurement. Likewise, a
Cd ⊗Cd maximally entangled state is necessary and sufficient to perfectly distinguish a Cd ⊗Cd maximally
entangled basis for all d > 3 by LOCC. The proof of this fact follows from a simple application of a result
proved in [12]. Exact results, however, are hard to obtain for generic sets of orthonormal states, even if they
form a basis. Nevertheless, lower bounds have been found; for example, a lower bound on the entangle-
ment cost of locally distinguishing an arbitrary orthonormal basis, not necessarily maximally entangled, is

1For two orthogonal mixed states, surprisingly, this is not always true [26, 34].
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given by the average entanglement of the basis states [44], assuming the states are all equally probable. In
C2 ⊗ C2, this lower bound can be improved upon for almost all orthonormal bases [45].

Instead of asking about entanglement cost, one could ask how well locally indistinguishable states can
be distinguished by LOCC using shared entanglement as a resource [31, 46, 47, 49, 50]. The present work
considers a problem of this kind, so let us discuss the essentials of this problem in some detail.

Let A1 = A2 = Cd and B1 = B2 = Cd denote the state spaces corresponding to the quantum systems
held by Alice and Bob, respectively. Let

Sχ = {(pi, |χi〉) : i = 1, . . . , n} (3)

be an orthonormal set of locally indistinguishable states, where |χi〉 ∈ A1 ⊗ B1. Suppose that Alice and
Bob wish to distinguish the elements of Sχ using LOCC and a resource state |ϕ〉 ∈ A2 ⊗B2. It is easy to see
that this boils down to distinguishing between the elements of the set

Sχ⊗ϕ = {(pi, |χi〉 ⊗ |ϕ〉) : i = 1, . . . , n} (4)

by LOCC, where |χi〉 ⊗ |ϕ〉 ∈ A1 ⊗ B1 ⊗A2 ⊗ B2.
Since Alice holds A1 and A2 and Bob holds B1 and B2, LOCC is defined with respect to the bipartition

A : B, where A = A1 ⊗A2 and B = B1 ⊗ B2. This reflects the fact that Alice and Bob may perform joint
measurements on the composite systems A and B, respectively. So to define the success probability we
need to take this into consideration, which requires expressing the states |χi〉 ⊗ |ϕ〉 as states in A ⊗ B by
swapping the systems B1 and A2.

Define the unitary swap operator UB1↔A2
: A1 ⊗B1 ⊗A2 ⊗B2 → A⊗B whose action on product states

is given by

UB1↔A2
(|α1〉 |β1〉 |α2〉 |β2〉) = |α1〉 |α2〉 |β1〉 |β2〉 (5)

for all vectors |α1〉 ∈ A1, |α2〉 ∈ A2 , |β1〉 ∈ B1, |β2〉 ∈ B2.
Let |χi〉 ⊗ |ϕ〉 → |ξi〉 ∈ A ⊗ B for each i = 1, . . . , n, where |ξi〉 = UB1↔A2

(|χi〉 ⊗ |ϕ〉). Accordingly, the
success probability is defined as

p
L

(

Sχ⊗ϕ

)

= sup
Π∈LOCC

n

∑
i=1

pi 〈ξi| Πi |ξi〉 , (6)

where Π = {Π1, . . . , Πn} is an LOCC measurement realized in the bipartition A : B.
The success probability, defined in (6), has been exactly computed for sets of Bell states and a resource

state of the form |η〉 = a1 |00〉+ a2 |11〉, where a1 > a2 > 0 and a2
1 + a2

2 = 1. For the Bell basis, denoted by
SB, assuming uniform distribution, it is given by [31]

pL

(

SB⊗η

)

=
1

2
(1 + 2a1a2) . (7)

The success probability is unity if and only if a1 = a2 = 1/
√

2, so the Bell basis can be perfectly distin-
guished if and only if the resource state is maximally entangled. For a set of any three uniformly distributed
Bell states, denoted by SB′ , the success probability turns out to be [31]

pL

(

SB′⊗η

)

=
2

3
(1 + a1a2) . (8)

Observe that one still requires a maximally entangled state as a resource to perfectly distinguish three Bell
states by LOCC. In some sense, this is counter-intuitive because one would have expected the entanglement
cost in this case to be less than that for the Bell basis. Besides these two examples, recently, the local
optimum with shared entanglement has been computed for a family of noisy Bell states, which shows, yet
again, the optimum value (i.e., the global optimum) is achieved with a maximally entangled resource [50].

The formulas in (7) and (8) are not just ordinary functions of the Schmidt coefficients a1 and a2. In
particular, the one in (7) is the fully entangled fraction of the resource state |η〉, defined as [51]

F (η) = max
|Ψ〉

〈Ψ| η |Ψ〉 , (9)
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where η = |η〉 〈η|, and the maximum is taken over all maximally entangled states |Ψ〉. So we can write (7)
simply as

pL

(

SB⊗η

)

= F (η) . (10)

Therefore, how well the Bell basis can be distinguished using LOCC and shared entanglement as a resource
is given by how close the resource state is to a maximally entangled state. Likewise, one may also express
(8) as a function of F (η).

Note that, besides the fully entangled fraction, one may also express (7) and (8) as a simple function of
the entanglement of |η〉 quantified by an entanglement measure such as negativity N (η) = a1a2 [52].

Problem statement

Let {|Ψ1〉 , . . . , |Ψd2〉} be an orthonormal, maximally entangled basis of A1 ⊗B1. Without loss of generality,
we assume that

|Ψ1〉 =
1√
d

d

∑
i=1

|i〉 |i〉 (11)

is the standard maximally entangled state. The remaining states can be written as

∣

∣Ψj

〉

=
(

1A1
⊗ Uj

)

|Ψ1〉 (12)

for some unitary operator Uj ∈ U (B1) for each j = 2, . . . , d2, where U (B1) denotes the set of unitary

operators acting on B1. Since
〈

Ψi|Ψj

〉

= δij for all i, j = 1, . . . , d2, the unitary operators obey the relation

Tr
(

U†
i Uj

)

= dδij for i, j = 1, . . . , d2, where U1 = 1B1
.

Define the set

SΨ =

{(

1

d2
, |Ψk〉

)

: k = 1, . . . , d2

}

. (13)

This set is locally indistinguishable [12, 17] with the local optimum given by pL (SΨ) = 1/d [17, 28].
In this paper, we consider the problem of distinguishing between the elements of SΨ using LOCC and a

resource state

|τ〉 =
d

∑
i=1

ai |i〉 |i〉 ∈ A2 ⊗ B2, (14)

where {ai} are the ordered Schmidt coefficients (a1 > a2 > · · · > ad > 0) satisfying ∑
d
i=1 a2

i = 1. Note that
the resource state is entangled as long as two or more Schmidt coefficients are positive.

The set of interest is, therefore,

SΨ⊗τ =

{(

1

d2
, |Ψk〉 ⊗ |τ〉

)

: k = 1, . . . , d2

}

. (15)

We wish to find out how well the elements of SΨ⊗τ can be distinguished by LOCC. Since this problem is
defined in the bipartition A : B with A = A1 ⊗A2 and B = B1 ⊗B2, we first let |Ψk〉⊗ |τ〉 → |Φk〉 ∈ A⊗B,
where |Φk〉 = UB1↔A2

(|Ψk〉 ⊗ |τ〉) for each k = 1, . . . , d2, and define the success probability as

pL (SΨ⊗τ) = sup
Π∈LOCC

1

d2

d2

∑
i=1

〈Φi| Πi |Φi〉 , (16)

where Π = {Π1, . . . , Πd2} is an LOCC measurement realized the bipartition A : B.
Our objective is to compute the local optimum defined in (16) and find an LOCC protocol achieving the

same value. As far as we are aware, this problem remains open in all state spaces Cd ⊗Cd for d > 3. We are
particularly interested in knowing whether an expression similar to (10) holds for p

L (SΨ⊗τ) as well.
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Overview of results

The main result of the paper is the following:

Theorem 1. The success probability for distinguishing the elements of SΨ⊗τ by LOCC is given by

p
L (SΨ⊗τ) = F (τ) , (17)

where F (τ) is the fully entangled fraction of |τ〉, defined as the maximum overlap between |τ〉 and a maximally
entangled state, and given by the formula [51]

F (τ) =
1

d

(

d

∑
i=1

ai

)2

∈
[

1

d
, 1

]

. (18)

The optimum value is achieved by a teleportation-based LOCC protocol.

Remark 1. Since 1
d 6 F (τ) 6 1, it holds that 1

d 6 pL (SΨ⊗τ) 6 1, where each of the left and right inequalities
become equality for product and maximally entangled |τ〉, respectively.

Remark 2. Theorem 1 holds for any maximally entangled basis of Cd ⊗ Cd. Our proof, as we will see, is
representation independent.

Remark 3. One may also express the success probability as a function of the negativity of the resource state

N (τ) using the relation F (τ) = 1
d [1 + 2N (τ)].

To prove Theorem 1 we will proceed as follows. First we will consider a relaxation of our problem
by replacing LOCC with positive-partial-transpose (PPT) measurements (these are measurements whose
operators are positive under partial transposition). The (PPT) success probability is defined as

p
PPT (SΨ⊗τ) = sup

Ω∈PPT

1

d2

d2

∑
i=1

〈Φi| Ωi |Φi〉 , (19)

where Ω = {Ω1, . . . , Ωd2} is a PPT measurement on A⊗ B.
Following [28], we will formulate our PPT distinguishability problem as a semidefinite program (SDP)

and solve the dual problem to obtain an upper bound on p
PPT (SΨ⊗τ).

Lemma 1. An upper bound on the success probability for distinguishing the elements of SΨ⊗τ by any PPT measure-
ment is given by

pPPT (SΨ⊗τ) 6 F (τ) . (20)

Since LOCC is a strict subset of PPT measurements, we have the following corollary.

Corollary 1. For the given set of states SΨ⊗τ, it holds that

pL (SΨ⊗τ) 6 pPPT (SΨ⊗τ) 6 F (τ) . (21)

The next result shows that the upper bound in Corollary 1 is also a lower bound on pL (SΨ⊗τ).

Lemma 2. The success probability for distinguishing the elements of SΨ⊗τ by LOCC is bounded below by

p
L (SΨ⊗τ) > F (τ) . (22)

We will prove Lemma 2 by presenting an LOCC protocol that distinguishes between the elements of
SΨ⊗τ with probability F (τ). The protocol here is based on quantum teleportation.

Since the lower bound in Lemma 2 matches the upper bound in Corollary 1, this completes the proof of
Theorem 1. Furthermore,

p
L (SΨ⊗τ) = p

PPT (SΨ⊗τ) = F (τ) , (23)

which shows that, even though LOCC ⊂ PPT, the LOCC optimum equals the PPT optimum. Thus PPT
measurements (hence, separable measurements) provide no advantage in distinguishing a maximally en-
tangled basis using shared entanglement.

The rest of the paper is arranged as follows. In section 2, we discuss the SDP formulation of distinguish-
ing a set of states by PPT measurements, including ours. We prove Lemma 1 in section 3 and Lemma 2 in
section 4. We conclude in section 5 with a brief summary of results and a discussion on open problems.
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2 PPT distinguishability as a semidefinite program

The problem of distinguishing a set of states by PPT measurements can be cast as a semidefinite program
[28] and, thereby, can be solved for many problems of interest. This, coupled with the fact that LOCC ⊂ PPT
has yielded exact results [28, 29, 31, 34, 50], no-go results [27, 34], and useful bounds [28, 34] for local
(in)distinguishability problems that were once thought to be intractable.

Let X and Y represent d-dimensional state spaces for d > 2. Let Pos (X ), Pos (Y), and Pos (X ⊗Y)
denote the sets of positive semidefinite operators acting on X , Y , and X ⊗ Y , respectively. An operator
P ∈ Pos (X ⊗ Y) is PPT if TX (P) ∈ Pos (X ⊗ Y), where TX represents partial transposition taken in the
standard basis of X (note that, as far as the definition of PPT is concerned, partial transposition could be
taken with respect to any one of the state spaces X or Y).

Denote the set of all PPT operators acting on X ⊗ Y by PPT (X : Y). The set PPT (X : Y) is a closed,
convex cone. A PPT measurement is defined by a collection of measurement operators {P1, . . . , Pn}, where
Pi ∈ PPT (X : Y) for each i = 1, . . . , n.

For a given ensemble E = {(pi, ρi) : i = 1, . . . , n}, where ρi are density operators on X ⊗Y , the problem
of finding pPPT (E ) can be expressed as a semidefinite program [28]:

Primal problem Dual problem

maximize :
n

∑
i=1

piTr (ρiPi) minimize : Tr (H)

subject to :
n

∑
i=1

Pi = 1X⊗Y subjectto : H − pkρk ∈ PPT (X : Y)

Pk ∈ PPT (X : Y) H ∈ Herm (X ⊗ Y)

(k = 1, . . . , n) (k = 1, . . . , n)

where Herm (X ⊗Y) is the set of Hermitian operators acting on X ⊗Y .
Let ω denote the solution of the dual problem. By the weak duality theorem, it holds that p

PPT (E ) 6 ω.
Thus, every feasible solution of the dual problem provides an upper bound on pPPT (E ).

Distinguishing the elements of SΨ⊗τ by PPT measurements: SDP formulation

Following the above prescription, the primal and dual problems for distinguishing the elements of SΨ⊗τ by
a PPT measurement are the following:

Primal problem Dual problem

maximize :
1

d2

d2

∑
i=1

〈Φi| Ωi |Φi〉 minimize : Tr (H)

subject to :
d2

∑
i=1

Ωi = 1A⊗B subjectto : H − Φk/d2 ∈ PPT (A : B)

Ωk ∈ PPT (A : B) H ∈ Herm (A⊗B)
(

k = 1, . . . , d2
) (

k = 1, . . . , d2
)

where Φk = |Φk〉 〈Φk| and Herm (A⊗ B) is the set of Hermitian operators acting on A⊗B.
Therefore, any H ∈ Herm (A⊗B) for which the constraint of the dual problem is satisfied, it holds that

p
PPT (SΨ⊗τ) 6 Tr (H) . (24)

So if we could find an appropriate H, we would immediately obtain an upper bound on the local optimum
p

L (SΨ⊗τ) as p
L (SΨ⊗τ) 6 p

PPT (SΨ⊗τ).
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3 Proof of Lemma 1

Our objective is to find an H ∈ Herm (A⊗ B) that satisfies the dual feasibility condition

TA
(

H − Φk/d2
)

= TA (H)− 1

d2
TA (Φk) ∈ Pos (A⊗ B) , k = 1, . . . , d2, (25)

and for which Tr (H) = F (τ). Once an appropriate H is found, the proof will then follow from (24).
Let H be a Hermitian operator of the form

H =
m

∑
i=1

h1i ⊗ h2i ∈ Herm (A1 ⊗B1 ⊗A2 ⊗ B2) , (26)

where h1i ∈ Herm (A1 ⊗B1) and h2i ∈ Herm (A2 ⊗ B2) for each i = 1, . . . . , m. We will use the following
lemma to find a feasible solution of the dual problem.

Lemma 3. Suppose H is a Hermitian operator of the form (26) such that

(

TA1
⊗ TA2

)

(

H − 1

d2
Ψk ⊗ τ

)

∈ Pos (A1 ⊗ B1 ⊗A2 ⊗B2) (27)

for each k = 1, . . . , d2, where Ψk = |Ψk〉 〈Ψk| and τ = |τ〉 〈τ|. Then the dual feasibility condition (25) is satisfied
for

H = UB1↔A2
HU†

B1↔A2
∈ Herm (A⊗B). (28)

The proof is given in the appendix.

First observe that the equality

Tr (H) = Tr (H) (29)

follows immediately from (28).
Therefore, to prove Lemma 1 it is sufficient to find an H of the form (26) such that (27) is satisfied for all

k = 1, . . . , d2, and for which Tr (H) = F (τ).
Define a operator

H =
1

d3
1A1⊗B1

⊗
[

τ + 2
d

∑
i,j=1, i<j

aiajTA2

(

ψ−
ij

)

]

∈ Herm (A1 ⊗B1 ⊗A2 ⊗ B2) , (30)

where ψ−
ij =

∣

∣

∣
ψ−

ij

〉 〈

ψ−
ij

∣

∣

∣
,
∣

∣

∣
ψ−

ij

〉

= 1√
2
(|i〉 |j〉 − |j〉 |i〉), and TA2

denotes the partial transposition of with

respect to the standard basis of A2.
Observe that H has the form (26), and a simple calculation shows

Tr (H) =
1

d

(

1 + 2
d

∑
i,j=1, i<j

aiaj

)

= F (τ) , (31)

where the second equality follows from (18). We now prove that the positivity condition (27) is satisfied.
First, observe that

(

TA1
⊗ TA2

)

[

H − 1

d2
(Ψk ⊗ τ)

]

=
(

TA1
⊗ TA2

)

H − 1

d2

(

TA1
⊗ TA2

)

(Ψk ⊗ τ)

=
1

d3
1A1⊗B1

⊗
[

TA2
(τ) + 2

d

∑
i,j=1, i<j

aiajψ
−
ij

]

− 1

d2
TA1

(Ψk)⊗ TA2
(τ)

=
1

d3
Υk ⊗ TA2

(τ) + 1A1⊗B1
⊗ 2

d3

d

∑
i,j=1, i<j

aiajψ
−
ij , (32)

7



where

Υk = 1A1⊗B1
− dTA1

(Ψk) . (33)

We will now evaluate the RHS of (32).
A straightforward calculation reveals

TA2
(τ) =

d

∑
i=1

a2
i ψii +

d

∑
i,j=1, i<j

aiajψ
+
ij −

d

∑
i,j=1, i<j

aiajψ
−
ij , (34)

where ψii = |ψii〉 〈ψii|, |ψii〉 = |i〉 |i〉 and ψ+
ij =

∣

∣

∣
ψ+

ij

〉 〈

ψ+
ij

∣

∣

∣
,
∣

∣

∣
ψ+

ij

〉

= 1√
2
(|i〉 |j〉+ |j〉 |i〉). Let

Γ =
d

∑
i=1

a2
i ψii +

d

∑
i,j=1, i<j

aiajψ
+
ij (35)

which is clearly positive semidefinite (since ai > 0 for all i = 1, . . . , d, and {ψii} and
{

ψ+
ij

}

are density

operators) and write (34) in a compact form

TA2
(τ) = Γ −

d

∑
i,j=1, i<j

aiajψ
−
ij . (36)

Using (36) in (32) and simplifying, we get

(

TA1
⊗ TA2

)

[

H − 1

d2
(Ψk ⊗ τ)

]

=
1

d3
Υk ⊗ Γ +

2

d3

d

∑
i,j=1, i<j

aiaj

(

1A1⊗B1
− 1

2
Υk

)

⊗ ψ−
ij . (37)

Since Γ and the density operators
{

ψ−
ij

}

, both being independent of k, are positive semidefinite, it suffices

to prove that Υk and
(

1A1⊗B1
− 1

2 Υk

)

are positive semidefinite for each k = 1, . . . , d2.

To calculate Υk, we need to first compute TA1
(Ψk). This requires expressing |Ψk〉 in an orthonormal

product basis of the form
{

|µi〉
∣

∣νj

〉}d

i,j=1
, where {|µi〉}d

i=1 and
{∣

∣νj

〉}d

j=1
are the orthonormal bases of A1

and B1 respectively, and then taking the partial transpose in the basis of A1. For our purpose, it will be
convenient to take this product basis as the Schmidt basis of |Ψk〉 for each k (note that the Schmidt basis, in
general, will be different for different |Ψk〉). We therefore write |Ψk〉 in the Schmidt form

|Ψk〉 =
1√
d

d

∑
i=1

∣

∣

∣
αi

k

〉
∣

∣

∣
βi

k

〉

, (38)

where
{

∣

∣α1
k

〉

, . . . ,
∣

∣

∣
αd

k

〉}

and
{

∣

∣β1
k

〉

, . . . ,
∣

∣

∣
βd

k

〉}

are orthonormal bases of A1 and B1, respectively. It holds

that

TA1
(Ψk) =

1

d

[

∑
i

ξ ii
k +

d

∑
i,j=1, i<j

ξ
ij+

k −
d

∑
i,j=1, i<j

ξ
ij−

k

]

, (39)

where ξ ii
k =

∣

∣ξ ii
k

〉 〈

ξ ii
k

∣

∣,
∣

∣ξ ii
k

〉

=
∣

∣αi
k

〉 ∣

∣βi
k

〉

; ξ
ij±

k =
∣

∣

∣
ξ

ij±

k

〉 〈

ξ
ij±

k

∣

∣

∣
,
∣

∣

∣
ξ

ij±

k

〉

= 1√
2

(

∣

∣αi
k

〉

∣

∣

∣
β

j
k

〉

±
∣

∣

∣
α

j
k

〉

∣

∣βi
k

〉

)

.

Now decomposing 1A1⊗B1
as

1A1⊗B1
=

d

∑
i=1

ξ ii
k +

d

∑
i,j=1, i<j

ξ
ij+

k +
d

∑
i,j=1, i<j

ξ
ij−

k (40)
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and using (40) and (39) in (33), we get

Υk = 2
d

∑
i,j=1, i<j

ξ
ij−

k , (41)

which is positive semidefinite. Similarly, from (40) and (41), we get

(

1A1⊗B1
− 1

2
Υk

)

=
d

∑
i=1

ξ ii
k +

d

∑
i,j=1, i<j

ξ
ij+

k , (42)

which is also positive semidefinite.
The above analysis clearly holds for any k ∈

{

1, . . . , d2
}

, and so we have proved (27) for all k = 1, . . . , d2.
This completes the proof of Lemma 1.

4 Proof of Lemma 2

The LOCC protocol for distinguishing the elements of SΨ⊗τ is based on quantum teleportation. But before
we describe the protocol, it will be helpful to understand how states transform under teleportation.

Recall that in the standard teleportation protocol of a d-dimensional quantum state, the teleportation
channel is taken to be the maximally entangled state |Ψ1〉 given by (11), Alice performs her measurement
in the canonical maximally entangled basis, communicates her outcome to Bob via a classical channel, and
Bob applies a unitary correction chosen from a fixed set of unitary operators. Note that the unitary operator
that Bob applies depends on the outcome of Alice’s measurement; in particular, there is an one-to-one
correspondence between Alice’s outcome and Bob’s unitary correction.

Suppose Alice wants to teleport a quantum state, say, |ϕ〉 ∈ Cd, but instead of |Ψ1〉 they share a
maximally entangled state |Ψx〉 ∈ A1 ⊗ B1, where |Ψx〉 =

(

1A1
⊗ Vx

)

|Ψ1〉 for some unitary operator
Vx ∈ U (B1). It is easy to check that if they carry out all the steps of the standard protocol prescribed
for |Ψ1〉, Bob will end up with the state |ϕx〉 = Vx |ϕ〉. Therefore, in order to reproduce the teleportation
input correctly Bob needs to apply another unitary correction V−1

x on |ϕx〉.
Now suppose that Alice and Bob do not know the identity of |Ψx〉 but only that it belongs to a known set,

i.e., |Ψx〉 ∈ {|Ψx1〉 , . . . , |Ψxn〉}, where |Ψxi〉 =
(

1A1
⊗ Vxi

)

|Ψ1〉. It then follows that |ϕx〉 ∈ {|ϕxi〉 , . . . , |ϕxn〉},
where |ϕxi〉 = Vxi |ϕ〉. In this case, the input state cannot be exactly reproduced at Bob’s end because they
do not know which maximally entangled state they shared.

This can be extended to teleportation of an entangled system. Suppose the state Alice wants to teleport
is |Θ〉 ∈ A′′ ⊗ A′, where A′ = A′′ = Cd. Once again assume that the teleportation channel is |Ψx〉.
Then at the end of the standard protocol, assuming Alice performs her measurement on the composite
system A′ ⊗ A1, they will end up sharing |Θx〉 ∈ A′′ ⊗ B1, where |Θx〉 = (1A′′ ⊗ Vx) |Θ〉. Moreover, if
|Ψx〉 ∈ {|Ψx1〉 , . . . , |Ψxn〉}, then |Θx〉 ∈ {|Θxi〉 , . . . , |Θxn〉}, where |Θxi〉 = (1A′′ ⊗ Vxi ) |Θ〉.

We now come to the LOCC protocol for distinguishing the elements of SΨ⊗τ. The first step is teleporta-
tion of one half of the resource state |τ〉 using the unknown state, say, |Ψi〉 ∈ {|Ψ1〉 , . . . , |Ψd2〉} following
the standard protocol. Noting that |Ψi〉 has the form (12), the initial state can be written as

|Ψi〉 ⊗ |τ〉 =
(

1A1
⊗ Ui

)

|Ψ1〉 ⊗ |τ〉 ∈ A1 ⊗B1 ⊗A2 ⊗ B2. (43)

Now they complete all the steps of the standard protocol (Alice performs her measurement on A1 ⊗A2,
informs Bob about the outcome, who applies the prescribed unitary correction on B1). From our previous
discussion, we know that this results in Bob holding the state

|γi〉 =
(

1B2
⊗ Ui

)

|τ〉 ∈ B2 ⊗ B1. (44)

Therefore, after teleportation, Bob holds one of {|γ1〉 , . . . , |γd2〉} ⊂ B2 ⊗ B1. The inner product between
any pair of states is found to be

〈

γi|γj

〉

=
d

∑
k=1

a2
k

〈

k
∣

∣

∣
U†

i Uj

∣

∣

∣
k
〉

. (45)
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As one would expect, the states |γi〉 are not all mutually orthogonal unless |τ〉 is maximally entangled, in

which case we have a2
k = 1/d for k = 1, . . . , d, and

〈

γi|γj

〉

= 1
d Tr

(

U†
i Uj

)

= δij.
Now observe that the elements of {|Ψ1〉 , . . . , |Ψd2〉} are in one-to-one correspondence with that of

{|γ1〉 , . . . , |γd2〉}, i.e., if the unknown state was |Ψi〉, Bob’s state is guaranteed to be |γi〉. Therefore, the
“teleportation” step of the protocol induces the map |Ψi〉 → |γi〉 for each i = 1, . . . , d2, and consequently,
the problem is mapped onto that of distinguishing between the elements of {|γ1〉 , . . . , |γd2〉}, each given
with probability 1/d2 (since the unknown state |Ψi〉 was selected with probability 1/d2).

To distinguish between the states |γi〉 Bob performs a measurement in the orthonormal, maximally
entangled basis {|Ψ1〉 , . . . , |Ψd2〉} ⊂ B2 ⊗B1, where the basis vectors are defined as |Ψi〉 =

(

1B2
⊗ Ui

)

|Ψ1〉.
The outcome of this measurement is now identified as the unknown state that they initially shared. The
success probability for this is given by

p =
1

d2

d2

∑
i=1

|〈Ψi|γi〉|2

=
1

d2

d2

∑
i=1

∣

∣

∣

〈

Ψ1|
(

1B2
⊗ U†

i

)

(

1B2
⊗ Ui

)

|τ
〉∣

∣

∣

2

=
1

d2

d2

∑
i=1

|〈Ψ1|τ〉|2

= |〈Ψ1|τ〉|2 =
1

d

(

d

∑
i=1

ai

)2

= F (τ) . (46)

This completes the proof.

5 Conclusions

One of the central questions in local distinguishability of quantum states is how well a given set of locally
indistinguishable states can be distinguished using LOCC and shared entanglement as a resource. In this
paper, we considered the problem of locally distinguishing the elements of a bipartite maximally entangled
orthonormal basis using a partially entangled state acting as a resource. In particular, our objective was
to find an expression for the success probability, which quantifies how well the basis states can be distin-
guished in an entanglement-assisted LOCC setup. This has been solved for the Bell basis in C2 ⊗ C2 [31]
but remained open in all higher dimensions. Here, we solved this problem for any maximally entangled or-
thonormal basis in dimensions Cd ⊗ Cd, where d > 3. Assuming the basis states are uniformly distributed,
we derived an exact formula for the success probability. This formula corresponds to the fully entangled
fraction of the resource state. So, how well the elements of a maximally entangled basis can be locally
distinguished using shared entanglement is determined by how close the resource state is to a maximally
entangled state.

To derive our formula, we proceeded as follows. First, we established an upper bound on the success
probability using the SDP formulation of distinguishing quantum states by PPT measurements [28] and
then showed that this upper bound is achievable by LOCC. The LOCC protocol here is based on quantum
teleportation. One further concludes that, for distinguishing maximally entangled states with shared en-
tanglement, PPT measurements provide no advantage over LOCC, even though LOCC is a strict subset of
PPT measurements.

We now briefly mention a couple of open problems. Let S ⊂ C
d ⊗ C

d for d > 2 be an orthonormal set
of maximally entangled states. Such a set is locally indistinguishable whenever d + 1 6 |S| 6 d2 [17]. In
addition, locally indistinguishable sets with |S| 6 d also exist for d > 4 [28, 29]. A fundamental question
is whether a maximally entangled state is always necessary to perfectly distinguish an orthonormal set of
maximally entangled states known to be locally indistinguishable. This question is completely solved for
d = 2 [31] but remains open in higher dimensions except when S is a basis of Cd ⊗ Cd. One could attempt
to answer this question in higher dimensions by computing the entanglement cost or the success proba-
bility within the framework of entanglement-assisted LOCC as discussed in this paper or earlier works
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[31, 44, 45, 47, 50]. The latter approach, which involves computing the success probability, as we did in
this paper for |S| = d2, could be fruitful as one could directly check whether the resource state needs to be
maximally entangled or not by setting the success probability to unity.

Acknowledgement. We thank Tathagata Gupta and Shayeef Murshid for helpful comments.

Appendix: Proof of Lemma 3

To prove Lemma 3 we will use the following result. Let Lin (H⊗H′) denote the set of linear operators on
H⊗H′, where H and H′ are finite-dimensional state spaces.

Lemma 4. Let X1 = X2 = Y1 = Y2 = Cd, where d > 2. For any pair of linear operators Λ ∈ Lin (X1 ⊗ Y1) and
Ξ ∈ Lin (X2 ⊗Y2), it holds that

UY1↔X2

[(

TX1
⊗ TX2

)

(Λ ⊗ Ξ)
]

U†
Y1↔X2

= TX
[

UY1↔X2
(Λ ⊗ Ξ)U†

Y1↔X2

]

, (47)

where UY1↔X2
is the unitary swap operator defined similarly as in (5) and X = X1 ⊗X2.

Proof. Let {|xi〉 : i = 1, . . . , d} be the standard basis of X1 and X2 and {|yi〉 : i = 1, . . . , d} be the standard
bases of Y1 and Y2. Linear operators Λ acting on X1 ⊗ Y1 and Ξ on X2 ⊗ Y2 can be written as

Λ = ∑
a,b,c,e

qce
ab |xa〉 〈xb| ⊗ |yc〉 〈ye| , (48)

Ξ = ∑
α,β,γ,δ

q
γδ
αβ |xα〉

〈

xβ

∣

∣⊗ |yγ〉 〈yδ| . (49)

Therefore,

Λ ⊗ Ξ = ∑
a,b,c,e,α,β,γ,δ

qce
abq

γδ
αβ |xa〉 〈xb| ⊗ |yc〉 〈ye| ⊗ |xα〉

〈

xβ

∣

∣⊗ |yγ〉 〈yδ| . (50)

Let us now compute the LHS of (47). First,
(

TX1
⊗ TX2

)

(Λ ⊗ Ξ) = TX1
(Λ)⊗ TX2

(Ξ) ,

= ∑
a,b,c,e,α,β,γ,δ

qce
abq

γδ
αβ |xb〉 〈xa| ⊗ |yc〉 〈ye| ⊗

∣

∣xβ

〉

〈xα| ⊗ |yγ〉 〈yδ| . (51)

Next, swapping Y1 and X2 gives

LHS of (47) = ∑
a,b,c,e,α,β,γ,δ

qce
abq

γδ
αβ |xb〉 〈xa| ⊗

∣

∣xβ

〉

〈xα| ⊗ |yc〉 〈ye| ⊗ |yγ〉 〈yδ| ,

= ∑
a,b,c,e,α,β,γ,δ

qce
abq

γδ
αβ

∣

∣xbxβ

〉

〈xaxα| ⊗ |ycyγ〉 〈yeyδ| . (52)

We now compute the RHS of (47).

TX
[

UY1↔X2
(Λ ⊗ Ξ)U†

Y1↔X2

]

= TX

(

∑
a,b,c,e,α,β,γ,δ

qce
abq

γδ
αβ |xa〉 〈xb| ⊗ |xα〉

〈

xβ

∣

∣⊗ |yc〉 〈ye| ⊗ |yγ〉 〈yδ|
)

,

= TX

(

∑
a,b,c,e,α,β,γ,δ

qce
abq

γδ
αβ |xaxα〉

〈

xbxβ

∣

∣⊗ |ycyγ〉 〈yeyδ|
)

,

= ∑
a,b,c,e,α,β,γ,δ

qce
abq

γδ
αβ

∣

∣xbxβ

〉

〈xaxα| ⊗ |ycyγ〉 〈yeyδ| . (53)

From (52) and (53), we see that

LHS of (47) = RHS of (47). (54)
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Proof of Lemma 3

Suppose that

(

TA1
⊗ TA2

)

(

H − 1

d2
Ψk ⊗ τ

)

∈ Pos (A1 ⊗B1 ⊗A2 ⊗ B2) , k = 1, . . . , d2, (55)

where H is a Hermitian operator of the form given by (26).
Since swapping subsystems does not affect the positivity of an operator, it holds that

UB1↔A2

[

(

TA1
⊗ TA2

)

(

H − 1

d2
Ψk ⊗ τ

)]

U†
B1↔A2

∈ Pos (A⊗ B) , k = 1, . . . , d2. (56)

The operator in (56) can be expanded as

UB1↔A2

[

(

TA1
⊗ TA2

)

(

H − 1

d2
Ψk ⊗ τ

)]

U†
B1↔A2

= UB1↔A2

[(

TA1
⊗ TA2

)

H
]

U†
B1↔A2

− 1

d2
UB1↔A2

[(

TA1
⊗ TA2

)

(Ψk ⊗ τ)
]

U†
B1↔A2

. (57)

We now apply Lemma 4 to each term on the RHS of (57). For the first term, we get

UB1↔A2

[(

TA1
⊗ TA2

)

H
]

U†
B1↔A2

= TA
(

UB1↔A2
HU†

B1↔A2

)

, (58)

and for the second

1

d2
UB1↔A2

[(

TA1
⊗ TA2

)

(Ψk ⊗ τ)
]

U†
B1↔A2

=
1

d2
TA (Φk) , k = 1, . . . , d2, (59)

where to arrive at (59) we have used Φk = UB1↔A2
(Ψk ⊗ τ)U†

B1↔A2
.

Now using (58) and (59), we can write (57) as

UB1↔A2

[

(

TA1
⊗ TA2

)

(

H − 1

d2
Ψk ⊗ τ

)]

U†
B1↔A2

= TA
(

UB1↔A2
HU†

B1↔A2
− Φk/d2

)

. (60)

Since the LHS of (60) is positive semidefinite [see (56)], the RHS must also be so, i.e.,

TA
(

UB1↔A2
HU†

B1↔A2
− Φk/d2

)

∈ Pos (A⊗ B) , k = 1, . . . , d2. (61)

Defining H as

H = UB1↔A2
HU†

B1↔A2
∈ Herm (A⊗ B) , (62)

(61) takes the form

TA
(

H − Φk/d2
)

∈ Pos (A⊗ B) , k = 1, . . . , d2. (63)

Thus the feasibility condition of the dual problem is satisfied for an H defined in (62), provided the operator
(

TA1
⊗ TA2

)

(

H − 1
d2 Ψk ⊗ τ

)

is positive semidefinite. This completes the proof.
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