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Abstract

Quantum memory is a scarce and costly resource, yet little is known about which learning
tasks remain feasible under severe memory constraints. We study the problem of computing
global properties of quantum sequences when quantum systems must be measured individu-
ally, without storing or jointly processing them. In our setting, a bit string x € {0, 1}" is encoded
into an n-qubit product state |1le> ] ® |1/an>, and the goal is to infer f(x) € {0,1} from
measurements of this quantum encoding. We consider a simple local strategy, which we call
the greedy strategy, that applies the same optimal single-system measurement independently
to each subsystem and then infers f(x) from the outcomes. Our main result gives a complete
characterization of when the greedy strategy is optimal: it achieves the same maximum success
probability as an unrestricted global measurement if and only if the target Boolean function
is affine (in all but finitely many cases). We establish a universal performance guarantee for
general Boolean functions, showing that the success probability of the greedy strategy is al-
ways at least the square of the optimal global success probability, in direct analogy with the
Barnum-Knill bound for the pretty good measurement. These results demonstrate that even
under extreme memory constraints, simple local measurement strategies can remain provably
competitive for learning global properties of quantum sequences.

1 Introduction

Suppose that a learner knows two quantum states }w) and |qb>, and receives a sequence of the form

[p)elp)elp)e---olyp). (1)

While each position is known to be either |¢> or |c¢)>, the identity of each state is unknown. Can
one determine whether the number of |¢> states exceeds the number of |q5> states, or whether the
total number of |¢> states is even? These examples highlight a basic task: learning coarse-grained
properties of a quantum sequence without necessarily determining the sequence itself.

We study this problem in two contrasting resource regimes. In the full-memory setting the
entire (finite) sequence may be stored so that an optimal joint measurement can be performed
upon receiving all of the states. In the memoryless setting, neither quantum nor classical memory
is available and each state must be measured immediately, using only predetermined local mea-
surements. This work investigates which binary properties (properties which can be either true or
false) can still be learned optimally under such stringent memory constraints.
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Quantum state discrimination (see [1-4] for reviews) provides the broader context for this
problem. Here, a learner is presented with a quantum state drawn from a known ensemble, i.e.,
a collection of quantum states together with their a priori probabilities, and the goal is to infer the
identity of a given state. This is a fundamental task in quantum communication and cryptography,
and the impossibility of perfect discrimination among non-orthogonal quantum states makes this a
highly nontrivial problem [5]. This has fueled nearly five decades of work [6], producing extensive
catalogs of state ensembles and their optimal discrimination probabilities [7-11].

Two paradigms have received particular attention: minimume-error discrimination [12], where
the learner outputs a guess with the goal of minimizing the overall probability of error, and
unambiguous discrimination [13-15], which forbids incorrect guesses altogether at the cost of
allowing inconclusive outcomes. Despite decades of study, closed-form solutions are known only
for some particular ensembles in both paradigms [2,16]. Nevertheless, the optimal discrimination
probability for an arbitrary ensemble can be efficiently obtained via a semidefinite program [17,18].

Many information-processing and quantum-computing protocols involve discriminating se-
quences of quantum states. The well-known BB84 quantum key distribution scheme is an example
where Alice sends Bob qubits chosen at random from the set {|0),[1),|+),|—)} [19]. From Bob’s
perspective, the received signal is a quantum sequence whose individual components are drawn
from this set. The central question in such scenarios concerns the resources required to optimally
discriminate the given sequence, which might vary significantly across different sequence types.
For example, when discriminating two pure states given a finite number of copies, adaptive local
strategies that make limited use of classical memory to condition later measurements based on ear-
lier outcomes achieve the same performance as optimal joint measurements, whereas memoryless
strategies generally do so only asymptotically [20]. However, for two mixed states, joint measure-
ments can strictly outperform all local strategies even in the asymptotic limit [21]. In the quantum
change-point detection problem, joint measurements provide an advantage in the minimum-error
paradigm [22], while for unambiguous detection the optimality of local versus global strategies
depends on the overlap between the two states [23]. For identification of symmetric, pure states,
online strategies have been proposed that often achieve optimality using classical memory to store
only the last obtained measurement outcome [24].

More recently, for problems where the goal is to identify the entire sequence composed of
independently prepared states, it has been shown that memoryless strategies are optimal in the
sense that they achieve the same performance as joint measurements, for both minimum-error and
unambiguous discrimination [25,26]. This observation naturally raises the question of whether
such equivalence persists when the discrimination task seeks to learn only specific properties or
coarse-grained features of the sequence, rather than its exact identity.

Motivated by this, we initiate a study of learning Boolean properties of quantum sequences. Ina
classical information-processing /computation setup, data are represented by bit strings, and com-
puting Boolean functions of these strings, such as the XOR, is elementary; the main challenges lie
instead in algorithmic efficiency and robustness of protocols. In the quantum setting, by contrast,
computing even a simple function becomes non-trivial when no classical description of the data
is available. We consider which properties can be optimally learned using memoryless measure-
ment strategies, and which fundamentally require joint measurements across the sequence. The
paradigm we focus on is minimum-error, where the learner might obtain an incorrect value for the
property of the sequence and their goal is to minimize this error, and we completely characterize
the Boolean functions for which fixed local measurements are optimal.



2 Problem formulation and main results

In this section we formulate our problem as a task of quantum state discrimination and present
the main results. The section ends with a short guide to the structure of the paper.

2.1 Problem formulation

In classical computing, data are modeled by bit strings. In our setting, we consider encoding the
classical symbols 0 and 1 into two arbitrary, but fixed and known quantum states |¢0> and |¢1>
This induces a map from an n-bit string x € {0, 1}" to a product quantum state of length #,

Xx=x1%2...%x, €{0,1}" — |¢x> = |1{)xl>®|¢x2>®---®|¢x”>. 2

Any Boolean property of the resulting quantum sequence can be described by a Boolean function
f :{0,1}* — {0, 1}. Learning this property, equivalently, determining the value of f(x) does not
require full identification of the underlying string x. Rather, it suffices to discriminate between the
two sets of quantum sequences corresponding to inputs for which f(x) = 0 and for which f(x) = 1.
Thus, given an unknown quantum sequence |¢ «), the task is to decide whether the classical label
x belongs to S or S1, where Sp = f ~1(0)and S; = £71(1) are the pre-images of 0 and 1 respectively.
Without loss of generality we can consider |1,b0> and |¢1> to be qubit states with a nonnegative
inner product [2, Section 3.1]. Furthermore, since orthogonal and identical states represent trivial
discrimination cases, we restrict the inner product to the open interval <1/)0|1/11> =s5¢€(0,1).

To learn the property! f, the learner must discriminate between two mixed quantum states oy
and o1 where 0; is the density matrix obtained by mixing the states {|¢ Ny x| : f(x) = i}. Assuming
a uniform prior over the input strings in {0, 1}", these mixed states can be written as

1 1
00 = 17 D, WXl and o1 =15 D X

x€Sp X€Sy

, )

which occur with prior probabilities pg = [So|/2" and p1 = [|S1]/2". We refer to the resulting
ensemble

& ={(po, 00), (p1,01)} 4)

as the Boolean ensemble. In this work, we consider the minimum-error evaluation of the function
f, where the learner measures the unknown quantum state |1/) +) to infer the value of f(x), seeking
to minimize the probability of error. Operationally, this corresponds to discriminating between
oo and 07 using a two-outcome POVM M = {M,, M}, where the outcome i is interpreted as the
guess f(x) = i. Conditioned on the state being o;, the probability of a correct guess is Tr(c;M;).
The optimal success probability is obtained by maximizing the average probability of a correct
decision over all such POVMs:

max {pg TI'(G()M()) +p1 TI'(G]Ml) : Mo +M; = ]l,M(), My > 0} . (5)

This is a semidefinite program and generalizes to discrimination among any finite ensemble of
quantum states. Since we are only dealing with two states here, the optimal minimum-error
success probability is given by the Helstrom bound [6,27]
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1 Henceforth, we use the terms “property” and “function” interchangeably.



where ||X]l; = Tr(VX*X) is the trace norm.

An optimal POVM achieving the maximum success probability may require a joint measure-
ment acting on the entire n-qubit state |gb x), which is technologically challenging [28-30]. A more
feasible alternative is a local measurement strategy, in which each state is measured individually.
Such a strategy effectively extracts classical information from each subsystem and uses it to infer
the value of f(x). In this work, we focus on a simple procedure: a fixed local strategy that applies
a predetermined measurement to each subsystem, independent of all of the previous outcomes,
thus requiring neither classical nor quantum memory. A natural local measurement to consider
is the one that aims to optimally distinguish between |¢0> and |1,b1> at each position. Given any
Boolean function f, this strategy learns each bit optimally, constructs a guess for the encoded
string y, and evaluates f(y). This can also be seen as a non-adaptive greedy strategy?. One might be
tempted to think that this naive and simple strategy would perform rather poorly when compared
with a global measurement. Our first result shows that, remarkably, this strategy performs rather
well—but first we establish some notation.

Definition 1. Given a positive integer #, a function f : {0, 1}* — {0, 1}, and two encoding qubit
states |1,b0> and |1,b1> with inner product s = <¢0|1,b1>, the success probability of learning f using a
strategy “strat” when each x € {0, 1}" is chosen uniformly at random is denoted by P(#, f, s, strat).

Throughout the paper, we denote the fixed local (greedy) strategy and a globally optimal
strategy by “greedy” and “global”, respectively.
2.2 Main results

We now state our first main result which establishes a universal performance guarantee for the
greedy strategy.

Theorem 2. For all Boolean functions f, positive integers n, and s € (0, 1), the performance of the greedy
strategy can be bounded below by the following relation

P(n, f,s,global)*> < P(n, f, s, greedy). ?)

The proof consists in showing that the greedy strategy is implemented by the pretty good
measurement (PGM) [31] for discriminating the Boolean ensemble & = {(po, 00), (p1,01)}. The
bound then follows from Barnum and Knill’s theorem [32,33]. This is presented in Section 3.2.

This raises a natural question: for which Boolean functions does the greedy strategy actually
achieve the global optimum? The next result identifies a class of functions that satisfy this.

Theorem 3 (Sufficiency). Let f : {0,1}" — {0, 1} be of the form
fx1,...,x0) =bg®b1x1 ®brx2 & - - ® byxy, (8)
for some by, by, ...,b, €{0,1}. Then, the greedy strategy is globally optimal, that is
P(n, f,s, greedy) = P(n, f, s, global) 9)

foralls € (0,1).

2 Note, however, that this notion of greediness may not be optimal in the class of local memoryless strategies for
computing the overall function value.



The functions of the form in Eq. (8) are called affine Boolean functions. For affine Boolean
functions, both the globally optimal success probability (via the Helstrom bound) and the greedy
success probability can be computed in closed form. A direct calculation using properties of the
trace norm shows that they are equal for all s € (0, 1). See Section 3.3 for details.

Our final result shows that this class is essentially the only one for which the greedy strategy
is optimal, establishing a converse to Theorem 3.

Theorem 4 (Necessity). Suppose a Boolean function f :{0,1}" — {0, 1} is not affine, meaning it is not
of the form in Eq. (8). Then, the greedy strategy is not globally optimal, that is

P(n, f,s,greedy) < P(n, f, s, global) (10)
for all but possibly finitely many values of s € (0, 1).

Together, Theorems 3 and 4 provide a complete characterization: affine Boolean functions are
precisely those for which memoryless measurement strategies suffice for optimal learning. Note
that Theorem 4 holds for all s € (0,1) except possibly for a finite set, hence for all but a set of
measure zero. The proof is presented in Section 4. This is followed by conclusions in Section 5.

Appendices A and B contain supplementary results for the proof of Theorem 4. Appendix C
briefly discusses the performance of the greedy strategy for some non-affine functions. We consider
the AND and MAJ (majority) functions as representative non-affine examples. The former is highly
unbalanced (|So| = 2" —1,|S1| = 1), while the latter is balanced (|So| = |S1]). In both cases, globally
optimal strategies outperform the greedy strategy, as illustrated by numerical results for small
sequence lengths (3 < n < 9). Their asymptotic behavior, however, differs: for AND, both the
greedy and global strategies achieve perfect success as n — oo, whereas for MAJ, the greedy
strategy remains bounded away from unity in this limit.

3 Proofs of Theorems 2 and 3: Performance of the greedy strategy

The pretty good measurement (PGM), introduced by Hausladen and Wootters [31] and further ana-
lyzed by Barnum and Knill [32], provides a measurement strategy for quantum state discrimination.
Given an ensemble {(p;, p;)}"_;, the PGM is defined by the measurement operators

MPM = o2 2 (pipi) pand s (11)

where pavg = Xinq pipi and pgvlg/z denotes its Moore-Penrose pseudo-inverse. These operators form
a valid POVM. Barnum and Knill [32] gave the following bound on the performance of the PGM.

Theorem 5 (Barnum-Knill Inequality [32]). Let Py denote the optimal success probability and Ppgym
denote the success probability achieved by the pretty good measurement for discriminating an ensemble
{(pi, p)}Y- Then,

P2 < Ppou < Pop (12)

This bound ensures that the PGM always achieves a success probability at least as large as the
square of the optimal probability, guaranteeing near-optimal performance. Moreover, in many
cases of interest, the PGM is exactly optimal [34-36].



3.1 The greedy strategy

Let M = {My, M1} be an optimal POVM for discriminating the ensemble { ( N N}
on a single qubit. Since |¢0> and |1,D1> appear with equal probabilities, the PGM is optimal for this
single-qubit discrimination problem [31] with

M; = Sp 2 i Xwil p7'/2, (13)

fori € {0,1} where p = 3 |1/)0><1p0| +3 |1/)1><1p1| is the average single-qubit state.

The greedy strategy is as follows: measure each qubit of the sequence |1,bx> independently
via the POVM M, obtaining outcome y; € {0,1} for the i-th qubit, yielding a classical string
Y =y1---Yu. Then, evaluate f(y): if y € Sp, guess that the input was from So; if y € S1, guess Sj.

The success probability of this strategy can be computed as follows. Given that the true input
is x, the probability of obtaining outcome string y through local measurements is

P(y | x) = Tr (My [ Xx]) HTr My, [ X)), (14)

where M,, = R, M,,. We succeed if x and y belong to the same set (Sp or S1). Averaging over
the uniform distribution on inputs, the greedy success probability is

1 S
P(n, f,s, greedy) = Z > Z Py | x) = |2_3| Z Tr(Myoo) l 1l Z Tr(Myo1).  (15)

xe{0,1}" ye{0,1}" YE€Soy y€S1
fy)=£(x)

3.2 Lower-bounding the greedy strategy via the PGM
Now consider distinguishing the Boolean ensemble in Eq. (4) via the PGM. The average state is
[Sol |51| 1 1 e
Pavg = P000 + pP101 = 2—,100 01 = 2” Z |41x llix = (E |¢0><¢0| + 5 |1,b1><1,b1|) = p®". (16)
xe{0,1}"

The PGM operators for distinguishing o9 and o1 are

ISol —1/2 12 1S1] —1/2 . —1p2
MPGM on pavg/ OPavg/ and MPGM on Pavg/ Glpavg/ . (17)

We can now establish the key connection:

Theorem 6. For any Boolean function f : {0,1}"* — {0, 1} and any inner product s € (0, 1), the pretty
good measurement achieves the same success probability as the greedy strategy for evaluating f.

Proof. We show that the PGM operators can be decomposed as a sum of product measurements
that precisely match the greedy strategy. For i € {0, 1}, starting with MJ°M, we have

G |S| n / n / |S| -1/ n -1/ n
M(I;M (p®)12 (,0®)12 ( 12)® |S|Z|¢" %l’x (p12)® (18a)

X€S;
1
=y 2 (P72 s Xeml 7 2) @@ (72 [, Xum [ p72)  a8b)
X1...Xn €5
Z My, @ @My, = > My. (18c)
. Yn€S; yES;



The success probability of the PGM is therefore

P(n, f,5,PGM) = po Tr(MSMag) + p1 Tr (MEMoy) (19a)
|Sol |51
= D Te(Myoo) + o D Tr(Myo1) (19b)
y€So y€eSy
=P(n, f,s, greedy), (19¢)
where the last equality is by Eq. (15). m]

The proof of Theorem 2 follows immediately.

Proof of Theorem 2. From Theorems 5 and 6 we have
P(n, f,s, global)2 <P(n, f,s,PGM) = P(n, f,s, greedy), (20)
completing the proof. O

Theorem 6 reveals a remarkable structural property: although the PGM operators MY are
formulated as general operators on the full n-qubit Hilbert space, for the ensemble arising from
Boolean function evaluation they decompose exactly into the local measurement operators of the
greedy strategy:

MEM = 3" My, @@ M,,. (1)
Y1...Yn eSz-
This decomposition shows that what appears to be a global measurement is, in fact, equivalent
to independently measuring each qubit optimally. Therefore, P(n, f, s, greedy) = P(n, f,s, PGM),
and Theorem 2 follows immediately by applying the Barnum-Knill inequality (Theorem 5).
3.3 Optimality for affine functions

Having provided a universal guarantee for the greedy strategy for arbitrary Boolean functions, we
find a class of Boolean functions for which it is optimal. This is the content of Theorem 3, which
we restate for convenience and prove below.

Theorem 3 (Sufficiency). Let f : {0,1}" — {0, 1} be of the form
f(x1,...,x0) =bo®b1x1®box2 @ ® byxy, (8)
for some by, by, ...,b, €{0,1}. Then, the greedy strategy is globally optimal, that is
P(n, f,s, greedy) = P(n, f, s, global) 9)
foralls € (0,1).

Proof. Any affine Boolean function is either constant or balanced. We consider the cases separately.

Case 1: Constant functions. 1If b; = 0 forall i € {1,...,n}, then f(x) = by is constant. In this case,
Sp and S; are trivially distinguishable (one is empty and the other contains all strings), and both
global and greedy strategies achieve success probability 1. Thus, the greedy strategy is optimal.



Case 2: Balanced functions. Without loss of generality®, we assume by = 0 and at least one b; # 0 for
ie{l,...,n}. Let]l = {i € [n]: b; = 1} denote the set of indices where the coefficient is 1, and let
= |I| > 1. Then,
f(x1,...,xn):@xi. (22)
i€l
The set Sy consists of all strings where @ i1 Xi = 0,and Sy of all strings where @ie[ x; = 1. Thus,
ISo| = |S1] = 2"~1. The optimal global success probability is given by the Helstrom measurement:

P(n, f,s,global) = % + %”(70 - o1lly- (23)
We compute
0g— 01 = -1 Z |1Px <¢x -1 Z |1,bx be (243)
x€Sy X€S

D, GO O Ky (24b)

x€{0,1}"
>, DDty Xy, (240)

xe{0,1}"

For the variables indexed by i € I, we can factor out their contribution. For variables with i ¢ I,
summing over their values contributes a factor of (|1,b0><1,b0| + |1,L'1><¢1|) for each such variable.
Thus,

0p— 01 = Z (_1)69{61 i |’7bx><1;bx| (25a)
x€{0,1}"
SDINEDY [®( D% [ X | © | ) |9, X ] (25b)
xle{O 1}y x;e{0,1}=m | i€l jel
= 2111—1 &) ([woXwol - [w1 Xn]) | Xwol + |¢1)(v,b1|)]. (250)
iel jel

The second equality uses the property (-1)®ia®i = X/ (-1)¥. Summation over x; and x;
indicates choosing x; where i € [ and j ¢ I, respectively. Using multiplicativity of the trace norm

|IA® Blli = ||All1 - ||B|l1 and noting that ”|¢0><¢0| + |1,L'1><17b1|H1 = 2 (since both are density operators),

oo = o1l = g [l9aXol = o Xl o)l + boa X[} (262
= s flwoXwol - [pan -2 26b)
= sl Xwol - or Xl 260
Therefore,
P(n, f,s, global) = 2 2m+1 [0 )wo| = [¢1 (‘MH 27)

3 1f by = 1, then we are effectively just flipping the value of f and also our guess.

8



Now, consider the greedy strategy. Let p be the optimal success probability for discriminating
{% |1,bo> .3 |¢11>} on a single qubit. The greedy strategy measures each qubit independently and
computes f on the resulting classical string . Success occurs when f(y) = f(x), which happens
when P, yi = P, xi. For the m qubits indexed by I, the parity of measurement outcomes must
match the parity of inputs. For the remaining n — m qubits, their outcomes are irrelevant. The
probability that the parity is correct among the m relevant qubits is

2 (T)p’”] (a-py=3 (Z (’?)p’“‘f A=p)+ ) (1) (T)p’"] (1- p)f') (282)
j=0 j=0 j=0
j even

(p+(=p)"+ (= (1 =p)") = 5+ 2@p =" (28b)

N[+~

For the optimal single-qubit measurement, p = § + %‘“wo)(lpd - |4}1><gb1| Y resulting in

2p-1= %’ |1p0><1/10| - |¢1><1/11|“1 Therefore,
1 1 m
Pln, f, 5, greedy) = 5 + s [woXwo| = 1 Xl (2%)
=P(n, f,s,global), (29b)
for all affine Boolean functions f. ]

4 Proof of Theorem 4: Only affine functions achieve optimality

We now investigate the Boolean functions for which the PGM (and hence the greedy strategy) is
globally optimal.

4.1 Optimality criterion for the PGM

The following lemma, due to Iten, Renes and Sutter [37], provides a necessary and sufficient
condition for the optimality of the PGM:

Lemma 7 (PGM optimality [37]). Let {(1x, px)} be an ensemble of quantum states, and let |& ) g, denote
a purification of (px)g for each x. Then the pretty good measurement is optimal for distinguishing {(nx, px)}
if and only if

[Gx'p, Txp'] =0, (30)
where Gx+p is the generalized Gram matrix defined as
Gxow = 3 VT beX s @ Tr (1K) G1)

x,x’

and tx+p is the block-diagonal operator

Txop = ) Xl @ (x| VG [ ) (32)
x/

formed from the diagonal blocks of VGx'p-.



This criterion is powerful because it reduces the question of PGM optimality to checking
whether two specific operators commute. For our problem, the generalized Gram matrix of the
Boolean ensemble is given by the following Lemma, the proof of which is in Appendix A.

Lemma 8. The generalized Gram matrix G for the Boolean ensemble has the block form

1, I
G= 2_1’1 (r/x— rl) (33)

where:
e T'; is the Gram matrix of the states in S;, with entries (I';)xy = <1,bx|1,by>for X,y €5,

o I is the cross-Gram matrix with entries (I ), = <gbx|gby>for x €Spandy € Sy.

4.2 Structural constraints from PGM optimality

We now translate the PGM optimality condition into an explicit algebraic relation between the
Gram matrices I'g, I'1, and I"”.

Theorem 9. If the PGM is optimal for evaluating a Boolean function f, then the Gram matrices satisfy
Lol =T'T;. (34)

Proof. By Lemma 7, the PGM is optimal if and only if [G, 7] = 0, where 7 is the block-diagonal
operator formed from the diagonal blocks of VG. Ignoring the global factor 1/2" (which does not
affect the Gram matrix relation),

I I’ XY X 0
c:(r,'i rl), «/Ez(y* Z), r=(0 Z) (35)

where X and Z are positive semidefinite matrices, and Y satisfies the constraint imposed by

2
(\/E) = G. Expanding this constraint block-wise, we have

X2+YY =T, XY+YZ =T, Z2+Y'Y =T, (36)

Computing both sides of Gt = ©G, we have

_(ToX TI'Z _[XTo XTI”
= (r'*x rlz) ' = (zr’* zrl) ' (37)
Equating the (1, 2)-blocks yields
I'Z = XT'. (38)

We substitute the second equation of Eq. (36), I = XY + YZ, into Eq. (38) and simplify to get
YZz? = X?%Y. (39)
Applying the other two equations of Eq. (36), we have

Y(T1 - YY) = To-YYY)Y, (40)

10



which we expand and cancel the common term YY*Y to obtain
YI'y =ToY. (41)

Finally, we compute I')I” using I' = XY + YZ and the relations we have established. Note that
[I'o, X] = 0 follows from comparing the (1, 1)-blocks of Gt = 7G, and [Z,T'1] = 0 follows similarly
from the (2, 2)-blocks. Therefore,

FOF’ =T XY +10YZ = XToY + YT Z = XYT1 +YZI1 = F’Fl, (42)

completing the proof. O

4.3 Consequences of the matrix relation

Having established that PGM optimality implies I'\I” = I"I';, we now extract the structural con-
sequences of this relation. A key observation is that the inner product between any two product
states can be expressed in terms of the inner product s = (1p0|4}1) and the Hamming distance:

(Wsly) = [ [ (Walwy) = 5700, (43)
i=1

where d(x, y) is the Hamming distance between two n-bit strings x and y. This means that every
entry of the matrices I'g, I'1, and I” is a monomial in s, allowing us to view these matrices as
matrix-valued polynomials in s. The relation I'\I” = I"T’; thus becomes a polynomial identity that
must hold for all s € (0, 1).

The polynomial structure of the matrix relation I'o\I” = I"T’; yields two immediate and powerful
consequences. First, by comparing the number of monic terms in corresponding matrix entries,
we show that the function f must be constant (|So||S1| = 0) or balanced (|So| = |S1])-

Theorem 10. If the Gram matrix relation in Eq. (34) holds, then the function f must be either constant
(1SolIS1| = 0) or balanced (|So| = |S1|), except possibly for a finite set of values of s € (0, 1).

Proof. By Eq. (43), every entry of the matrices I'g, I'1, and I is a monic monomial in s = <¢0|¢1>.
Thus, every term in I')I” is a sum of |Sp| monic monomials, and every term in I"T’j is a sum of
|S1| monic monomials. We aim to show that I')I” = I"I'; implies the function to be constant or
balanced, which we do via its contrapositive. If the function is not constant, i.e., |So||S1| # O, then
I'oI” and I''T'; are non-empty. If the function is additionally not balanced, i.e., |So| # |S1], then the
elements of I')I” and I"T'; cannot coincide, except possibly for finitely many values of s. m|

Two comments are in order. First, the implication of this theorem does not hold for some s due
to the Gram matrix relation being true regardless of the function structure. Additionally, the finite
set of s exceptions depends on f. In this and the following theorems, this clause means: Let f be
a Boolean function. For all except possibly finitely many s € (0, 1), the implication holds. Second,
this constant or balanced consequence is used in Theorem 11 below, and later in Lemma 12. As
their statements are trivial for constant functions, we assume balanced functions when the Gram
matrix relation holds. We do this for ease of comprehension, noting that the same reasoning may
hold for arbitrary functions when accounting for vacuously true statements.

The second consequence could be understood in terms of the Boolean hypercube graph (see
Appendix B for details), and we use it shortly after to derive details about function structure. In
this graph, nodes are n-bit strings and edges connect two nodes if and only if they differ by exactly
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one coordinate. For any pair of vertices x € Sg and y € S; in the Boolean hypercube, consider all
intermediate vertices w such that a path from x to y via w has total length L (where the path need
not be shortest overall, just the sum d(x, w) + d(w, y) = L). By equating coefficients of powers of s
in the polynomial identity, we show that, for balanced functions, the number of such intermediate
vertices in Sp equals the number in Sy, for every choice of x, y and L.

Theorem 11. If the Gram matrix relation in Eq. (34) holds and the function f is balanced, then for all
integers L € {0,1,...,2n} and forall x € So, y € 51,

|{u €So:d(x,u)+du,y) = L}| = |{v €S1:d(x,v)+d(v,y) = L}| (44)
for all but possibly finitely many values of s € (0, 1).

Proof. Fix any arbitrary x € Sg and y € S1. The (x, y)-entries of the matrix products in Eq. (34) are
(FOF’)xy — Z Sd(x,u)+d(u,y) (rlrl)xy — Z Sd(x,v)+d(v,y)‘ (45)
u€Sy vESY

Equality of these expressions as polynomials in s means

Z Sd(x,u)+d(u,y) — Z Sd(x,v)+d(v,y). (46)

u€eSy V€S

We can rewrite each sum by grouping terms according to the total distance L = d(x, w) + d(w, y),

2n 2n
Z stl{u € So: d(x,u) +d(u,y) = L}| = Z st{v € Sy : d(x,v) +d(v,y) = L})|. (47)
L=0 L=0

This is a polynomial identity in s. For this to hold, either the coefficients of each power s’ on both
sides must agree (giving Eq. (44)), or s must be one of (at most 21) roots of the above polynomial. O
4.4 Necessity of the affine structure

We now combine the results from the previous sections to obtain a complete characterization of
when the greedy strategy is optimal. A crucial element in our proof is the following lemma about
the Boolean hypercube, the proof of which can be found in Appendix B.

Lemma 12 (Hypercube flip characterization). Let Q, be the n-dimensional hypercube graph, and let
A, B € V(Qy) be a partition satisfying

(i) AUB=V(Q,)and ANB = @;
(ii) |A| = |B| = 2"~ (balanced partition);
(iii) forall L € N and forall x € A, y € B,
HueA:dx,u)+du,y)=L} ={veB:dx,v)+d(w,y) =L} (48)

Then there exists a unique index i € [n] such that for every x = (x1,...,x,) € {0,1}",
xeA = xDeB, (49)

where xV = (x1,...,%i-1,X;, Xis1, - - . , Xn) denotes the bit-flip of x in the i-th coordinate.
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We start with the following theorem, which states that the functions for which the greedy
strategy is optimal must necessarily follow a recursive structure.

Theorem 13. If the Gram matrix relation in Eq. (34) holds, then the function f is either constant or there
exists an index i € [n] and a Boolean function g : {0,1}"~1 — {0, 1} such that

flx1,x2,...,x0) = g(X1, ..., Xic1, Xig1, .o, Xn) ® X (50)
for all but possibly finitely many values of s € (0, 1).

Proof. Starting from the Gram matrix relation, Theorem 10 gives that the function is either constant
(in which case the proof ends) or balanced. From Theorem 11, the Gram matrix relation additionally
means that for all x € S, y € S1 and integers L,

{ueSy:dx,u)+du,y)=L} =|{veS  dxv)+do,y) =L} (51)

for all but possibly finitely many values of the inner product s. By the hypercube structure of {0, 1}"
and Lemma 12, the above two consequences imply that there exists an index i € [n] such that
flipping the i-th bit maps S bijectively onto S;. Equivalently, for every x = (x1, ..., x,) € {0,1}",

xeS < xPes, (52)
where x(!) denotes the bit-flip of x in the i-th coordinate. Define
g(JC1, e, Xic1, Xig 1,0 - ,xn) = f(x1, e ,xi_1,0, Xitl, - ,xn). (53)

Then, by construction,

fxt, .o, xn) = g(X1, .0, Xic1, Xit1, -+, Xn) D X;, (54)
which proves Eq. (50), as needed. O

The recursive structure revealed in Theorem 13 allows us to apply induction to completely
characterize optimal functions by proving Theorem 4.

We briefly outline the essential steps of the proof for the reader’s convenience. We have
previously seen an equivalent condition for PGM optimality in Lemma 7, from which we derived
a necessary condition in Theorem 9: the Gram matrix relation in Eq. (34). The main consequence
of this is Theorem 13, which constrains the function to a recursive form given by Eq. (50), which
when shown via induction for each n implies the function is affine. In particular, our inductive
hypothesis is: if g is an (n — 1)-bit Boolean function for which Eq. (34) holds, then ¢ must be affine.
The remaining part of the induction step is to show the antecedent of the above, which we do in
Lemma 14. Specifically, if Egs. (34) and (50) hold for an n-bit Boolean function f, then the (n —1)-bit
Boolean function g that appears in the recursive form of f must satisfy the Gram matrix relation
in Eq. (34). Therefore any Boolean function satisfying Eq. (34) must be affine, implying that f itself
must be affine.

Theorem 4 (Necessity). Suppose a Boolean function f :{0,1}" — {0, 1} is not affine, meaning it is not
of the form in Eq. (8). Then, the greedy strategy is not globally optimal, that is

P(n, f,s, greedy) < P(n, f,s, global) (10)

for all but possibly finitely many values of s € (0, 1).
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Proof. We prove this statement via its contrapositive. Since the greedy strategy is globally optimal
for evaluating a Boolean function f, Theorem 9 implies that the associated Gram matrices satisfy
I'oI” = I'T'1. Therefore, it suffices to show that this in turn means the function f must be an affine
Boolean function. We prove this statement by induction on the number of variables .

Base case: The case when n = 1 is trivial. For illustrative purposes, we additionally show the
n = 2 case. By Theorem 10, f is either constant or balanced. If f is constant, the claim is again
trivial. If f is balanced then | f ‘1(0)| = 2. Without loss of generality, assume that f(0,0) = 0;
otherwise, we may replace f by its complement f, which is equivalent to flipping the value of by.
The possible choices for f~1(0) € {00,01, 10,11} are: {00,01}, {00,10}, and {00, 11}. Respectively,
these correspond to the functions

fx1,x2) = x1, fx1,x2) = x2, f(x1,x2) = x1 ® x2. (55)

All three are affine, confirming the claim for n = 2.

Induction step: Let n > 2 be an integer and assume the inductive hypothesis for n — 1, which is
that if the Gram matrices of an (n — 1)-bit Boolean function satisfy the Gram matrix relation in
Eq. (34), then that function is affine.

Consider an arbitrary n-bit Boolean function f that (by the antecedent of the statement to be
proven) satisfies the Gram matrix relation in Eq. (34). By Theorem 13, this function f is either
constant (and thus affine with by = ... = b, = 0 and bg equal to the function value, meaning we
are done), or there exists an index i € [1] and an (1 — 1)-bit Boolean function g : {0, 1}*~! — {0, 1}
such that

fx1, ..o, xn) =g(X1, ..., Xiz1, Xig1, .., Xn) ® X;. (56)

These two facts let us show the antecedent of the induction hypothesis via the following statement.

Lemma 14. Let Go (resp. G1) be the Gram matrix of the states corresponding to inputs of g that map to 0
(resp. 1), and let G’ be the cross-Gram matrix. If f has the form in Eq. (50) and satisfies the Gram matrix
relation in Eq. (34), then g also satisfies the Gram matrix relation, i.e., GoG’ = G'Gj.

Proof. We have that I')I” = I"T';. Order the elements of Sy by first listing those with x; = 0 and
then those with x; = 1. Analogously, order S; with x; = 1 elements first and x; = 0 second. With
respect to this ordering, the Gram matrices have the block form

Go sG’ , [sGy G’
rozrl: (SG(L- Gl), I'= (G/S SGl)’ (57)

where s = <¢0|¢1>. We now compute both sides of Eq. (34). First,

sGZ+sG'G* GG +5*G'Gy
Lol" =1, ) (58)
s°G"Go + G1G"™  sG"G’ +5G]
Similarly,
sGF+sG'G"*  s°GoG +G'Gy
I'Ty = 5 ) (59)
G"Go +5°G1G™  sG"G' +sGj
Equality of these two matrices implies equality of their (1,2)-blocks, hence
GoG’ + s2G'Gy = s°GoG’ + G'G. (60)
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Rearranging gives

(1-52) GG =(1-5>GG. (61)

Since s € (0, 1), we conclude
GoG' = G'Gy, (62)
as claimed. O

Returning to the main proof: since we previously showed that f satisfies Egs. (34) and (50), the
just-proven Lemma 14 implies that g also satisfies Eq. (34). By the induction hypothesis, g is then
affine, meaning it has the form

g1 Xict, Xint, - %) = bo @ D by (63)
J#i
Substituting into Eq. (50),
n
f(xl,...,xn): (bo@@bjx]')@xi:bo@@bjx]', (64)
j#i j=1

where we set b; = 1 and b; for j # i as in g. This is precisely the affine form in Eq. (8), completing
the induction and the proof. m|

5 Conclusion

We characterized when memoryless measurement strategies suffice for learning Boolean properties
of quantum sequences. Given a sequence of n qubits, each in one of two known states |¢0) or |¢1>
having inner product s € (0, 1), the problem is to determine the value of a Boolean function of the
(unknown) underlying bit string. We posed this as a state discrimination problem between two
mixed states corresponding to the two values of the Boolean function, and studied the minimum-
error regime.

We considered a simple greedy strategy which measures each qubit independently to opti-
mally distinguish |¢0> from |1/)1> requiring no quantum or classical memory. We showed that for
evaluating affine Boolean functions, this strategy is equivalent to the optimal global strategy which
could utilize quantum memory and joint measurements. We also established the converse of this,
i.e., any Boolean function that is not affine cannot be learned optimally using this greedy strategy
(except for possibly at finitely many values of s). This suggests that all other Boolean properties
fundamentally require memory for optimal learning.

Beyond this characterization, we proved that the greedy strategy always achieves at least the
square of the optimal success probability, establishing it as the pretty good measurement for
this discrimination problem. This guarantees that even when not optimal, memoryless strategies
remain competitive.

Previous works have explored cryptographic primitives in the bounded quantum-storage
model [38] and state discrimination with limited quantum memory [39]. Since both quantum
memory and joint measurements remain technologically challenging [28-30], characterizing when
memoryless strategies suffice is of significant interest. Our results could inform settings such as
quantum reading of classical memories [40], and quantum-enhanced pattern recognition [41].

There are several avenues for future research. The first is to study the greedy strategy for
learning Boolean properties of quantum sequences for other priors (e.g., unequal, correlated) or
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other settings, such as unambiguous discrimination. The second is to introduce limited classical
memory to allow some degree of adaptation. It is of interest to investigate which other classes
of Boolean functions can be optimally learned using adaptive local strategies. Finally, studying
online or streaming strategies where qubits arrive sequentially and the Boolean function value is
continuously updated as the sequence grows, is another direction for future research.

Software

Companion software for computing optimal discrimination probabilities, including the semidefi-
nite programs used in this work, is available in the toqito quantum information package [42].
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A The Gram matrices of the Boolean ensemble

To apply the PGM optimality criterion from Lemma 7, we must compute the generalized Gram
matrix G for the Boolean ensemble (Eq. (4)). We begin by constructing explicit purifications of the
mixed states o¢ and o1.

For each i € {0, 1}, a purification of o; is given by

Vx ) 1X)p (65)
\/_13;| >B B

where the auxiliary system B’ has dimension |S;|, and the states {|y)p }es; form an orthonormal
basis of B’. Here, B denotes the physical n-qubit system containing the state |1,bx>, while B’ is the

purifying system that tracks which element of S; was selected.
Recall from Eq. (31) that the generalized Gram matrix is defined as

Gxp = Z JriviliXjlx ® Trp (|5i><5j|33,), (66)

i,j€{0,1}

|Si)pp =

where i, j € {0, 1} index the two hypotheses (whether the input belongs to Sg or S1), and py are the
prior probabilities: pg = |So|/2" and p1 = |S41]/2".
We compute the partial trace:

/SH_S ;Mﬁc <¢y|B | Xle = W}; lpyhbx | Xle'~ (67)

Y&s YEs;

Teg (JE)E o) = T

Substituting into the definition of G and using /p;p; = +/|Si||S;| /2", we obtain

> P Xl @ Ten (|€XE 5y ) (68a)

1,j{0,1}

Gxp

= ) |S HS | —— liXjlx ® D (Wylys) Xyl (68b)
i,je{0,1} \/W X€S;

yES/
1 .
= o Z |1X]|X'®Z<¢y|lsz> [xXylp: - (68¢)
i,je{0,1} xe_sgi
yeo;

This calculation reveals a natural block structure for G, which allows us to prove Lemma 8.

Lemma 8. The generalized Gram matrix G for the Boolean ensemble has the block form

1 (T, T
G - 2_1’1 (l"/x- rl) (33)

where:
e T'; is the Gram matrix of the states in S;, with entries (I';)xy = <1px|1,by>for X,y €S,

e 1" is the cross-Gram matrix with entries (I ), = (gbxhby)for x € Soand y € Sy.
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Proof. The block structure follows directly from the calculation above. The (i, j)-block of G corre-
sponds to the operator acting on |iXj|x,, which contains the matrix of inner products <1,Dy|1,b +) for

x € S;and y € S;. Since the states have real inner products, we use the identity <¢y|¢ x) = (1}1x|1}1y>
to match the order in the standard definition of Gram matrices. For i = j, this gives the Gram
matrices I'g and I'y. For i # j, this gives the cross-Gram matrices I'” and I'"*. The global factor 1/2"
appears uniformly across all blocks. m]

B The Boolean hypercube graph

The structure of Boolean functions is intimately connected to the geometry of the n-dimensional
hypercube. For n € N, the n-dimensional hypercube graph Q, is defined as follows:

e The vertex set is V(Q,) = {0, 1}", the set of all n-bit strings.

e Two vertices x = (x1,...,x,) and y = (y1,...,Yn) are adjacent if and only if they differ in
exactly one coordinate.

The Hamming distance d(x, y) between two vertices x and y is the number of coordinates in
which they differ, which equals the graph distance in Q,:

, (69)

dix,y) = [{i € [n]:x; # yi}

where [n] = {1,...,n}. We denote adjacency by ‘~’, meaning x ~ y if and only if d(x, y) = 1. The
complete graph on two vertices is denoted as K3, i.e., the graph with vertex set {0, 1} with a single
edge connecting them. A perfect matching in a graph is a set of pairwise disjoint edges such that
every vertex of the graph is incident to exactly one edge in the set.

An important property of the hypercube is its inductive structure via the Cartesian product.
Recall that the Cartesian product G 0O H of two graphs has vertex set V(G) x V(H), where (g, h) ~
(g’, 1) if either g = ¢and h ~ b’ in H, or h = h’ and ¢ ~ ¢’ in G. The hypercube satisfies the
recursive relation

Qn+1 = Qn o KZ/ (70)

meaning Q,+1 can be viewed as two copies of Q, connected by a perfect matching. More precisely,
if we partition V(Q,,+1) according to the last bit, we obtain two sub-cubes Q, x{0} and Q, X {1}, each
isomorphic to Q,,, with matching edges connecting vertices that differ only in the last coordinate.
Figure 1 illustrates this structure for Qj.

The following lemma characterizes balanced partitions of the hypercube satisfying the path-
counting symmetry Eq. (48) which are precisely those obtained by flipping a single coordinate.

Lemma 12 (Hypercube flip characterization). Let Q, be the n-dimensional hypercube graph, and let
A, B C V(Qy) be a partition satisfying

(i) AUB=V(Qu)and ANB = @;
(ii) |A| = |B| = 2"~ (balanced partition);
(iii) forall L € Nand forall x € A, y € B,

|{u eA:d(x,u)+du,y) :L}| = |{v€B:d(x,v)+d(v,y):L}|. (48)
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Figure 1: The three-dimensional hypercube Q3 = Q, O K>, visualized as two copies of Q, with
a perfect matching (dashed edges) connecting corresponding vertices that differ in the last bit
coordinate.

Then there exists a unique index i € [n] such that for every x = (x1,...,x,) € {0,1}",
xeA e xVeB, (49)
where x = (x1,...,Xi-1,%;, Xis1, - - ., X ) denotes the bit-flip of x in the i-th coordinate.

To prove Lemma 12, we need the following lemma which establishes that the two parts must
have adjacent vertices.

Lemma 15. Let A, B C V(Qy,) satisfy the hypotheses of Lemma 12. Then
min{d(x,y):x €A, y € B} = 1. (71)

Proof. Let k = min{d(x,y): x € A, y € B}. Assume for contradiction that k > 1. Choose x € A and
y € Bwith d(x,y) = k, and let x—x1—- - - —x}_1—Yy be a shortest path from x to y in Q,.

Then, d(x,x1) =1 and d(x1,y) = k =1 < k. Since A and B form a partition, for any x; € V(Qy,)
we either have:

* x1 € A, meaning d(x1,y) < k with x; € A and y € B, contradicting minimality of k, or
* x1 € B, meaning d(x, x1) =1 < k with x € A and x; € B, again contradicting minimality.

Hence, k = 1. O

Proof of Lemma 12. The case when n = 1 is trivial. For illustrative purposes, we additionally show
the case when n = 2.

The vertex set of the two-dimensional hypercube is V(Q,) = {00,01,10,11}. By Lemma 15,
there exist vertices x € A and y € B such that d(x, y) = 1. Without loss of generality, choose x = 00
and y = 01. Since |A| = |B| = 2, the only possible balanced partitions with 00 € A and 01 € B are

A=1{00,10}, B={01,11} or A =1{00,11}, B ={01,10}. (72)

In both cases, B is obtained from A by flipping the second bit. Thus, the claim holds for n = 2.

We next prove the statement for an arbitrary positive integer n. By Lemma 15, choose vertices
x € Aand y € B such that d(x,y) = 1. Let i € [n] be the unique coordinate where x and y differ,
so y = x(. We now show that coordinate i implements the flip globally.
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Take any coordinate k # i. The four vertices x, x@, x@G0) = (x@)&) - x®) form a 4-cycle in Qy:
x — x® — yOR By (73)

We now consider two cases based on whether x(¥) belongs to A or B.

Case 1: x(¥) € B. Apply Eq. (48) at L = 2 to the antipodal pair (x, xfi'k)). The only two length-2
paths between them pass through x() and x¥) respectively. Since x("¥) € B, balancing the count
forces x¥) € A. Thus, we have

xeA, xDeB, xtPep, xMeA. (74)

The pair (x(i'k), x(k)) differs only in coordinate 7, just as (x, x®) does.

Case 2: x/F) € A. Tf x®) € A, then it belongs to a different partition than x(?), and we may apply
Eq. (48) with L = 2 to the antipodal pair (x(, x¥)). The only two length-2 paths between them
pass through x and x"¥), both in A, giving two A-intermediates and zero B-intermediates, which
leads to a contradiction. Hence, we must have x¥) € B, meaning

xeA, xVeB, xiMea, x®eB. (75)

Again, the pair (x(i'k), x(k)) differs only in coordinate 7, just as (x, x(i)) does.

We have established the following propagation property: if x € A and x) € B, then for every
coordinate k # i, the vertices x*) and x("¥) belong to distinct partitions. In other words, flipping
any non-i coordinate sends a split pair to a split pair, preserving the same flip coordinate i.

Since every vertex pair z,z(") € V(Q,) is reachable from the pair x,y by a finite sequence of
non-i coordinate flips, we conclude that

VxeV(Qn), xeA < xDeB, (76)

ending the proof. O

C Greedy strategy performance for non-affine functions

In this section, we examine two important non-affine functions: the AND function and the majority
function. For these functions, the greedy strategy is suboptimal, but understanding the gap be-
tween greedy and global performance provides insight into when adaptive or joint measurements
offer practical advantages.

C.1 The AND function
The AND function on n bits is defined by

AND(x1,...,X5) = X1 AXa A AXy =

{1 if x; =1forall i, 77)

0 otherwise.

This function is highly unbalanced: S; = {11...1} contains only the all-ones string, while S
contains all other 2" — 1 strings.
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AND function: Greedy vs. Global
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Figure 2: Greedy vs. global success probabilities for the AND function. As n increases, both
strategies approach perfect success exponentially fast, with the gap diminishing rapidly.

C.1.1 Greedy success probability

For the greedy strategy, we measure each qubit independently using the optimal single-qubit
measurement, which succeeds with probability p = 1 + %H|¢o><gbo| - |1,b1><gb1|H1 =1(1+V1-s?2)in
distinguishing |¢0> from |gb1> with equal priors. The greedy strategy fails in evaluating AND when

e x=11...1butwe guess y # 11...1, which happens with probability (1 — p")/2".

e x #11...1but we guess y = 11...1, which happens with probability

n-1

i w(x) (1 _ ,\n—wx) _ i ny _\n—k _ l N
Z P (L =p) = o Z P A=p) = o= p"), (78)
x#11...1 k=0

where w(x) is the Hamming weight of x. The greedy success probability is therefore
1-p"
on-1*

P(n,AND, s, greedy) =1 — (79)

C.1.2 Asymptotic behavior

As n — oo with p fixed (corresponding to fixed non-orthogonal states |1,b0> and |1,b1>), we have
P(n,AND, s, greedy) — 1 since 1/2"~! — 0 exponentially fast.

This limiting behavior is intuitive: with overwhelming probability (2" — 1)/2" — 1, the input
contains at least one zero. The probability of accidentally guessing all ones when the input is not all
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ones vanishes exponentially. Thus, the greedy strategy succeeds with probability approaching 1.
The global optimal strategy achieves slightly better performance by leveraging correlations across
qubits, but this advantage becomes negligible as n increases. For large 1, the extreme imbalance
of the AND function dominates, and both strategies approach perfect success.

C.2 The majority function

For odd n = 2k + 1, the majority function is defined by

1 if 22k+1 X
el (80)

MAJ(x1,...,x =
(x1 2%+1) {0 if 32, <

Unlike the AND function, majority is balanced: |So| = |S1| = 22k,

C.2.1 Greedy success probability

We now compute the greedy success probability for the majority function. The greedy strategy
measures each qubit independently with the optimal single-qubit measurement, which correctly
identifies the bit value with probability p and incorrectly identifies it with probability 1 — p.
Given an input string x with Hamming weight w(x) = j (i.e., j ones and 2k + 1 — j zeros), the
measurement produces an output string y whose Hamming weight w(y) is a random variable. We
can decompose w(y) as
w(y) =Y1+Y,, (81)

where

* Y] is the number of ones in y that came from ones in x (correctly identified ones), with
Y; ~ Binomial(j, p);

* Y, is the number of ones in y that came from zeros in x (incorrectly flipped zeros), with
Y, ~ Binomial(2k +1—-7,1—p).

Since different qubits are measured independently, Y1 and Y, are independent random variables.
The greedy strategy succeeds when MAJ(x) = MAJ(y), which occurs when:

e Ifj<k(so f(x) =0): weneed w(y) < k,ie, Y+ Y <k.
e Ifj>k(so f(x) =1): weneed w(y) > k,ie, Y1 + Yo > k.
Let ; denote the conditional success probability given that w(x) = j. For j < k:

i min(2k+1-j,k—a)

]
)/]‘=P(Y1+Y2Sk)=z
a=0 b=0

()p (1-p)~ (k+b )(1—p)bp2k”‘f‘b- (82)

For j > k (equivalently, j > k + 1):

i 2k+1-j

yi=PMi+ Y2 > k)= Z D) ()p(l P (’”bl )(1 plpHHIT . (83)

a=0 b=max(0,k+1-a)

By symmetry of the majority function, we have y; = yax41-; for all j. To see this, note that if
we flip all bits in both x and y, the majority value also flips, and the distribution of measurement
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Majority function: Greedy vs. Global
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Figure 3: Greedy vs. global success probabilities for the majority function.

outcomes remains the same (with the roles of 0 and 1 interchanged). Therefore, the conditional
success probability for j ones is the same as for j zeros (i.e., 2k + 1 — j ones).
The greedy success probability is:

2k+1 k
1 (2k+1 1 (2k+1
P(n =2k +1,MAJ, s, greedy) = E W( j )7/]' = 27( j ))/j/ (84)
j=0 j=0

where we used the symmetry y; = y2¢+1-j to combine terms.

C.2.2 Asymptotic behavior

The asymptotic behavior of the majority function is governed by its noise sensitivity. Unlike the
AND function, the failure probability for majority does not vanish as n — co.

To analyze this, we relate our setting to the noise sensitivity framework. When we measure each
qubit with the optimal single-qubit measurement, we correctly identify each bit with probability
p = (1 + V1 —52) and incorrectly with probability € := 1 — p. This is equivalent to applying
independent random noise to each bit with noise rate €.

The noise sensitivity of the majority function has been precisely characterized [43]. For the
majority function on n = 2k + 1 bits with noise parameter ¢, the probability that the function value
changes (i.e., the failure probability) is given by

MAJ _
Pfail -

N =
A~

. 1
arcsin(1 — 2¢) + O (\/ﬁ) . (85)
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In the limit as n — oo with small €, this approaches
PAY — —\/_ = JT (86)
Therefore, the local success probability approaches
1 1
P(n,MAJ, s, greedy) — 5+ - arcsin( V1 - 52) (87)
as n — oo. This limiting value is strictly less than 1 for any p < 1 (i.e., for non-orthogonal states).

C.3 Comparison and discussion

The contrasting behaviors of the AND and majority functions illustrate two distinct regimes:

Highly unbalanced functions (AND): When |Sg| > |S1| or vice versa, the greedy strategy performs
nearly optimally for large n because the overwhelming size of one pre-image dominates the success
probability. Both greedy and global strategies converge to perfect success exponentially fast as
n — oo, and the advantage from joint measurements becomes negligible in this regime.

Balanced non-affine functions (majority): Forbalanced functions that are not affine, the situation
is fundamentally different. The majority function’s noise sensitivity ensures that the greedy
strategy converges to a limiting success probability strictly bounded away from 1. Specifically,

P(n,MAJ, s, greedy) — 1 — %arcsin(\/l - p) as n — oo, which remains bounded below 1 for any

non-orthogonal states (p < 1), while the global optimal strategy achieves better performance. This
gap between greedy and global strategies persists even asymptotically, demonstrating a persistent
advantage of joint measurements that does not vanish as the problem size increases.

These examples confirm that our characterization theorem captures a fundamental dichotomy:
affine functions are the unique class where local memoryless measurements are always optimal,
while all other functions require more complex strategies. Crucially, the practical significance of
this advantage is intimately tied to the function’s noise sensitivity. Low noise sensitivity functions
(like AND for large n) exhibit vanishing advantage from joint measurements, while high noise
sensitivity functions (like majority) maintain advantage from joint-measurements even for arbi-
trarily large input dimensions. This connection between noise sensitivity and joint-measurement-
advantage suggests deeper structural relationships between classical Boolean function complexity
and quantum information-theoretic resources.
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